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Experience gained from previous jet noise studies with the unstructured large-eddy simulation flow solver
“Charles” is summarized and put to practice for the predictions of supersonic jets issued from a converging–diverging
round nozzle. In this work, the nozzle geometry is explicitly included in the computational domain using an
unstructured body-fitted mesh. Two different mesh topologies are investigated, with emphasis on grid isotropy in the
acoustic source-containing region, either directly or through the use of adaptive refinement, with grid size ranging
from 42 to 55 × 106 control volumes. Three different operating conditions are considered: isothermal ideally
expanded (fully expanded jet Mach number of Mj  1.5, temperature of Tj ∕T∞  1, and Reynolds number of
Rej  300;000), heated ideally expanded (Mj  1.5, Tj ∕T∞  1.74, and Rej  155;000), and heated overexpanded
(Mj  1.35, Tj ∕T∞  1.85, and Rej  130;000). Blind comparisons with the available experimental measurements
carried out at the United Technologies Research Center for the same nozzle and operating conditions are presented.
The results show good agreement for both the flow and sound fields. In particular, the spectra shape and levels are
accurately captured in the simulations for both near-field and far-field noise. In these studies, sound radiation from
the jet is computed using an efficient permeable formulation of the Ffowcs Williams–Hawkings equation in the
frequency domain. Its parallel implementation is reviewed and parametric studies of the far-field noise predictions
are presented. As an additional step toward best practices for jet aeroacoustics with unstructured large-eddy
simulations, guidelines and suggestions for the mesh design, numerical setup, and acoustic postprocessing steps are
discussed.
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time-averaged quantity
temporal Fourier-transformed quantity
disturbance quantity (e.g., ρ 0 is equal to ρ − ρ∞ )
unit vector
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I.

Introduction
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O

VER the last 40 years, the noise of propulsive jets powering
civilian aircraft has been reduced by approximately 20 dB, in
large measure by the introduction of the turbofan engine with a
progressively higher bypass ratio. Yet, more stringent noise
regulations, the long-term vision of effectively “silent” aircraft, and
environmental impact concerns continue to push civilian (and
military) aircraft toward designs that further reduce the noise while
maintaining other performance metrics (like nozzle thrust). Until
recently, the development of such designs has relied largely on
laboratory and full-scale testing. However, cost constraints and the
high complexity of the flow often limit the range of parametric
investigations and the success of the design optimization. Flow and
noise-prediction tools that are fundamentally rooted in the flow
physics are needed to help improve the understanding of the sources
of jet noise and guide the analysis processes toward quieter designs.
In this context, the large-eddy simulation (LES), along with
advancement in high-performance computing, is emerging as an
accurate yet cost-effective computational tool for prediction of
turbulent flows and their acoustic fields. As reviewed by Bodony and
Lele [1], the reliable LES prediction of jet noise requires particular
attention to details in many different aspects, e.g., inclusion of nozzle
geometry, appropriate treatment of the nozzle boundary layers [2–7],
sufficient grid resolution, low numerical dissipation and dispersion,
appropriate inflow and outflow boundary conditions [8,9], shock
capturing schemes [10–12], use of acoustic analogy methodologies
[13–16] best suited for jet aeroacoustics, etc.
The present study is part of a broader ongoing effort to improve
understanding and develop predictive capabilities of propulsive
jet noise through large-eddy simulations with the unstructured
compressible flow solver Charles, developed at Cascade
Technologies. As a complement to experimental studies, the LES
provide access to complete flowfields, allowing in-depth probing of
the physics of jet noise production. In previous work, Charles was
used to investigate a wide range of high-speed unsteady flow
processes for various complex configurations, including impinging
flows [17], circular [18–20] and rectangular [21,22] jets, chevrons
[23,24], faceted military-style nozzle [25], and twin jets [26].
Experience gained from these studies is currently used for the mesh
design, numerical setup, and acoustic postprocessing steps of
ongoing work. The paper is intended as a review of some of the
lessons learned and as a step toward the establishment of best
practices for jet noise predictions with unstructured LES.
As a demonstration case, the LES of supersonic jets issuing from
converging–diverging round nozzles is performed at three different
operating conditions: isothermal ideally expanded, heated ideally
expanded, and heated overexpanded. First, the numerical methods
are reviewed in Sec. II. Details on the flow configuration and
computational setup are presented in Sec. III. Comparisons with the
available experimental measurements carried out at the United
Technologies Research Center (UTRC) for the same nozzle and
operating conditions are shown in Sec. IV. It is important to note
that the initial simulations and postprocessing are performed
without prior knowledge of the experimental data, such that the
initial results presented in this paper for the axisymmetric grid
correspond to “blind” comparisons. Finally, as one of the
important aspects of the jet noise problem, the far-field acoustic
formulations best suited for jets are discussed in Sec. V and
Appendix B.

II.

scheme in space. The spatial flux at each internal face uses a blend of
a relatively nondissipative central flux and a more dissipative upwind
flux, i.e.,
F  1 − αFcentral  αFupwind

(1)

where 0 ≤ α ≤ 1 is a blending parameter. This blending approach is
often the basis of implicit approaches to LES, where the blending
parameter is selected as a global constant with a value large enough to
provide all the necessary dissipation (and potentially much more).
Charles does not use a single global value for α. Instead, α is allowed
to vary spatially throughout the grid and we try to minimize the
choice of α (thus minimizing the dissipation) such that the
discretization remains stable. Even for a linear problem, the formal
solution to this α-minimization problem would be difficult to
compute and global in nature. Instead, we solve a much simpler
problem that is local in nature and can be solved once at the start of the
simulation. It is thus a heuristic that does not guarantee the stability of
the method, but it has worked well in practice, and thus merits
discussion.
The motivation for this α-minimization heuristic comes from the
stability requirement based on the energy method that the
differencing operator (i.e., volume-integrated gradient operator) D
produced using the central reconstruction of data to the faces be skew
symmetric, i.e., D  DT  0. In practice, on unstructured grids, it is
difficult to produce differencing operators that are exactly skew
symmetric, and it is this lack of skew symmetry that can lead to
stability problems when associated with positive real eigenvalues of
the operator. Consequently, the α heuristic is simply to set α
everywhere proportional to a scalar measure of the local lack of skew
symmetry in the differencing operator D. We use the row 2-norm of
the symmetric part of D, i.e.,
α  ckD  DT k

(2)

By performing numerical experiments on small grids where we
can directly compute the eigenvalues of D, as well as using
experience gained from many simulations on a large number of
different grids [17,18], we have found that c  2 provides sufficient
dissipation to stabilize the Charles operators described next. We
believe this heuristic could work effectively for a variety of either
structured or unstructured operators, perhaps resulting in different
values of c to keep the operators stable. The specific choices made for
Charles are described next.
Figure 1 provides a two-dimensional (2-D) schematic of an
internal flux face, its left and right control volumes (L and R,
respectively), and all of their face-based neighbors. At each internal
face, a left-biased and right-biased polynomial is built to reconstruct
the left- and right-biased cell-based data to the face barycenter. When
sufficient neighbors are present, each biased polynomial is quadratic

Numerical Methods

A. Compressible Flow Solver Charles
1. Flux Discretization

The compressible flow solver Charles solves the spatially filtered
compressible Navier–Stokes equations on general unstructured grids
using a density-based finite volume method. Time integration is
explicit and uses the third-order time-variation-diminishing Runge–
Kutta scheme of Gottlieb and Shu [27]. The compressible fluxes are
computed from interpolated values of ρ, ui , and p at the barycenter of
each control volume face, resulting in a nominally second-order

Fig. 1 2-D schematic of a control volume and its neighbors to illustrate
the internal flux computation.
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in the face-normal direction and linear in the other directions parallel
to the face (and thus consistent with the midpoint rule approximation
used for the flux). For example, the left-biased polynomial would
have the form
Pl x 0 ; y 0   c0  c1 x 0  c2 x 02  c3 y 0

(3)

The coefficients for this left-biased polynomial are solved using a
constrained least-squares approach that minimizes the volumeintegrated difference between the L neighbors (labeled Lnbr in the
figure) and the Pl , subject to the constraint that the polynomial
exactly integrate to the L and R values, i.e.,
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Z

Z

Pl x 0 ; y 0  dΩL  pL V L

(4)

Pl x 0 ; y 0  dΩL  pR V R

(5)

where pL and pR are the piecewise constant finite volume
representations of data in the left and right control volumes, and
Z
VL 

Z
dΩL and V R 

dΩR

are the left and right volumes, respectively. The coefficients for both
reconstruction polynomials are computed and stored for each face
(i.e., two sets of coefficients per face). This can be done once at the
beginning of the simulation because it depends only on the geometry
and connectivity of the grid. These reconstruction operators can then
be used to compute left- and right-biased values of the data at a
particular face f as follows:
pf;l 

X

wf;l;i pi

(6)

iL;R;Lnbr

pf;r 

X

wf;r;i pi

(7)

iL;R;Rnbr

where w are the reconstruction coefficients. Based on this biased
reconstructed data, the fluxes are then computed using the previously
discussed mix of centered flux and upwind flux with the Harten, Lax
and van Leer Contact (HLLC) approximate Riemann [28].
2. Shock Capturing

To stably capture strong shocks, it is not sufficient to simply set the
local α value to one, which leads to the HLLC flux. It is also necessary
to modify the reconstruction polynomials for the left- and rightbiased values used as inputs to the HLLC flux. Different numerical
methods are available to handle turbulent flows with shocks, as
reviewed by Johnsen et al. [11]. Here, Charles uses a hybrid switch
[29] to identify the presence of flow discontinuities, and then a fully
unstructured second-order Essentially Non-Oscillatory method to
perform reconstructions [30] as inputs to the HLLC approximate
Riemann [28] solver to compute the flux across a shock.
3. Subgrid-Scale Modeling

Because the underlying numerical method has minimal numerical
dissipation, it is critical to employ a subgrid model to account for the
physical effects of the unresolved turbulence on the resolved flow.
For the large-eddy simulations reported in this work, the Vreman
model [31] is used with a constant coefficient set to the recommended
value of c  0.07. A constant turbulent Prandtl number Prt  0.9 is
used to close the energy equation. One feature of the model that
makes it arguably superior to the Smagorinsky model with a constant
coefficient is that it theoretically guarantees zero-eddy viscosity in
the laminar and fully resolved flow regions [32].

B. Unstructured Grid and Localized Adaptive Refinement

In previous jets studies with LES [17,21], grid stretching (in
particular, in the region downstream of the potential core) has been
linked to overpredictions of the high-frequency far-field spectra at
upstream radiation angles, namely, at St ≥ 2 for ϕ  60 to 90 deg.
In the work of Nichols et al. [21], the overprediction was present in
the results from two grids with 11 million and 86 million control
volumes (i.e., double the resolution in all three directions), both with
a large amount of grid stretching in the downstream regions. In
contrast, the simulation on an intermediate-size mesh with 45 million
control volumes, constructed to ensure an aspect ratio close to unity
for the cells within the main jet region, did not display this anomalous
feature in the spectra.
Based on these results and other LES works [33], the current
meshing strategy promotes grid isotropy in the acoustic sourcecontaining region, either directly in the initial mesh topology or
through the use of adaptive refinement. “Adapt” is a massively
parallel tool developed in Cascade’s solver infrastructure that can
refine elements locally to match a target length scale. This target
length scale can vary throughout the domain, and can even be
different in each direction for nonaeroacoustic applications.
Specification of the target length scale can come from expert
knowledge of the problem, a desired mesh size limit based on
computational resources, or even from a solution on an unadapted or
partially adapted mesh. The directional refinement capability
dramatically reduces the overall mesh size and prevents the addition
of stiffness to the problem due to excessively small elements. The
Adapt tool also provides a surface projection algorithm to respect
nonplanar mesh boundaries during refinement, ensuring accurate
representation of the underlying geometry and allowing the use of
very coarse grids as starting points.
C. Far-Field Noise Prediction

For far-field noise predictions, the accurate propagation of the
small amplitude acoustic fluctuations from the near-field source
region to the far-field microphones within the computational domain
would be prohibitively expensive. The Ffowcs Williams–Hawkings
(FW-H) equation [34] is one of the most commonly used methods to
overcome this difficulty. Sound at a far-field location can be
computed from flow information on an arbitrarily shaped surface S
and the volume-distributed sources outside of S. If S corresponds to a
physical solid surface (e.g., helicopter blades or aircraft landing
gear), the FW-H formulation is referred to as solid (impenetrable),
and it is referred to as permeable (porous) otherwise. One advantage
of the permeable formulation is that it allows for the acoustic sources
in the volume V outside the solid surface but inside the data surface S
to be taken into account.
The method has been successfully applied to a wide range of
problems, including aircraft flyover and rotorcraft noise (see, for
instance, the review by Brentner and Farassat [35]). Unlike
applications involving arbitrary moving noise sources in a quiescent
environment, jet flow configurations are typically considered in a
fixed laboratory frame. To account for flight effects, fixed laboratory
jets are often surrounded by a uniform coflow. Nevertheless, because
the distance between the noise sources (i.e., stationary surface S
enclosing the jet) and the observers (i.e., far-field microphones) is
fixed and time independent, there is no Doppler effect and an efficient
frequency-domain permeable formulation [36,37] can be used. The
formulation and its implementation for the prediction of jet noise in
Cascade’s massively parallel unstructured LES framework are
discussed in Appendix B.

III.

Flow Configuration

Simulations A1, A2, and A3 reproduce the isothermal ideally
expanded jet (B118), heated ideally expanded jet (B122), and heated
overexpanded jet (B122 OD, where OD stands for “offdesign”)
conditions tested at the UTRC’s acoustic research tunnel facility
[38,39], respectively.
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Table 1
LES case
A1
A2
A2 55M
A3
A3 55M

Description

Summary of operating conditions and simulation parameters.
Grid type

Isothermal ideally expanded Axisymmetric
Heated ideally expanded
Axisymmetric
Heated ideally expanded
Adapted
Heated overexpanded
Axisymmetric
Heated overexpanded
Adapted

Grid size NPR NTR

Mj

Ma

T j ∕T ∞

Rej

δθ ∕D

42 × 106
42 × 106
55 × 106
42 × 106
55 × 106

1.5
1.5
1.5
1.35
1.35

1.5
1.98
1.98
1.84
1.84

1.0
1.74
1.74
1.85
1.85

300,000
155,000
155,000
130,000
130,000

0.0017
0.0022
0.0021
0.0029
0.0030
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A. Numerical Setup

The compressible Navier–Stokes equations are nondimensionalized with respect to the nozzle diameter D and the ambient density
ρ∞ , temperature T ∞ , and speed of sound c∞ , where the subscript ∞
denotes the ambient (freestream) property. The resulting form of
the ideal gas law is p  ρT∕γ, where p is pressure and γ  1.4 is the
ratio of specific heat. The frequency f is reported as Strouhal number
St  fD∕Uj . The subscript j refers to the fully expanded jet
properties, and Uj is the equivalent fully expanded jet velocity. The
temperature dependence of viscosity is assumed to follow the power
law μ ∝ T m with a constant coefficient of m  0.7.
The round nozzle geometry is included in the computational
domain and corresponds to a 2 in. converging–diverging nozzle
designed using a method of characteristics to provide ideally
expanded (i.e., shock-free) flow at the nozzle exit, with a design
Mach number of Md  1.5. The operating conditions are controlled
by the nozzle pressure ratio (NPR; p0 ∕p∞ ) and the nozzle
temperature ratio (NTR; T 0 ∕T ∞ ). These parameters, along with the
fully expanded jet Mach number Mj and Reynolds number Rej, are
defined as
NPR 

p0
;
p∞

NTR 

T0
;
T∞

Mj 

Uj
;
cj

Rej 

ρj Uj D
(8)
μj

where the subscript 0 refers to the stagnation (total) properties. The
acoustic Mach number is Ma  Uj ∕c∞ . Table 1 summarizes the
operating conditions and parameters of the simulations, including
estimates of δθ ∕D, and the momentum thickness of the boundary
layer at the nozzle exit (see discussion in Sec. III.C).
The jet configuration is presented in Figs. 2a and 2b, including the
default FW-H surface used to compute the far-field sound (see Sec. V
for further analysis) and the sets of near-field probes (D2P1 to
D2P17) and far-field microphones (D2M1 to D2M12) in the UTRC
experimental configuration, which match the LES microphone
stations (see Table 2).
B. Computational Grids

Based on prior grid resolution studies [18,19], the axisymmetric
mesh used in the initial simulations contains approximately 42
million unstructured control volumes (CVs), 95% of which are
hexahedral elements. The mesh consists of a fully unstructured
polyhedral core that transitions to an axisymmetric grid with between

3.67
3.67
3.67
2.97
2.97

1.45
2.53
2.53
2.53
2.53

380 and 160 points in the azimuthal direction within the FW-H
surface, and further stretching toward the domain boundaries.
Subsequently, the new adaptation approach described in Sec. II.B
is used to generate the adapted grids. The starting point is a very
coarse “skeletal” grid with a paved core, containing about 0.15
million purely hexahedral elements. Several embedded zones of
refinement are defined and enforced by the adaptation tool. The
different zones and the corresponding resolutions are chosen to
approximately duplicate the properties of the axisymmetric mesh.
The main refinement zone corresponds to the bulk of the mesh, from
the nozzle exit x∕D  0 to x∕D  30, and fully encloses the FW-H
surface. In that zone, the resolution is set to 0.04D, such that any cell
with edge length (in any direction) greater than that value will be
refined in that direction. Then, within that zone, additional
refinement is enforced up to x∕D  10, with a resolution of 0.02D.
This zone is designed to approximately enclose the jet potential core.
Finally, to capture the near-field turbulence, two additional
refinement zones are defined near the nozzle exit and lip line, with
resolutions of 0.01D and 0.005D, respectively. The total size of the
adapted grid is approximately 55 million CVs: again, mostly
hexahedral elements (i.e., 96%).
Figures 3a and 3b show the blending parameter α from Eq. (1), for
the axisymmetric and adapted grid, respectively. As discussed in
Sec. II.A.1, this parameter is only a function of the mesh (i.e.,
independent of the grid partition, operating conditions, additional
modeling like shock capturing, etc.) and is only computed once at the
start of the simulation. For both grids, most of the domain has low
values for α, meaning that the spatial flux at the corresponding
internal faces is computed mainly (if not entirely) with relatively
nondissipative central scheme. The higher values of α are mostly
localized at the first couple of cells off any wall for both meshes
because of the one-sided nature of the local flux reconstruction, in
regions with skewed and transitional elements for the axisymmetric
mesh (e.g., polyhedra in core, tetrahedra and pyramids at transitions
in azimuthal resolution around the shear layer), and at grid transitions
with hanging nodes and large skewed elements on the nozzle exterior
surface for the adapted mesh. The targeted use of more dissipative
upwind flux in these regions is required to ensure numerical stability.
With the current standard in high-performance computing and
unstructured LES, both grids would be considered of medium size, as
compared to larger grids [24,40] used in recent studies. Although the
adaptation strategy leads to a slight increase in mesh size compared to
the axisymmetric grid, it has three significant advantages in terms of

a) Computational domain
b) Far-field microphones
Fig. 2 Schematics of the flow configuration and numerical setup.
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Table 2
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Name
x∕D
r∕D
ϕ, deg

Locations of the near-field experimental probes (prefix “D2P”) and far-field microphones (prefix “D2M”)
used in the present work

D2P5 D2P9 D2P11 D2P12 D2P14 D2P16 D2M1 D2M2 D2M3 D2M5 D2M7 D2M9 D2M11
5
8
9
10
12
14
0
10.58 21.84 34.64 50.35
57.5
57.5
1.49
1.86
1.98
2.11
2.35
2.60
60
60
60
60
60
48.25
33.20
163
167
168
168
169
169
90
100
110
120
130
140
150

ease of use, flexibility, and performance. First, it drastically simplifies
the meshing process and reduces the burden on users. The generation
of a coarse skeletal grid focused only on the main geometrical
features of the configuration is a relatively straightforward task.
Second, the adaptation tool leverages the code’s fully unstructured
grid capabilities to allow for complete control of the location and
length scale of the refinements. Awhole family of grids with differing
amounts of resolution related to the flow physics can easily be created
from the skeletal grid. Third, the use of large elements as a starting
point combined with the control on resolution prevents the generation
of excessively small elements that increase the stiffness of the
problem. As a result, the time step for the simulations on the adapted
grid is two to four times larger than on the axisymmetric grid (see
Sec. III.D and Table 3).
The mesh spacings of Δx∕D, Δr∕D, and rΔθ∕D are reported in
Fig. 4 for different parts of the mesh. In contrast to fully structured
grids [4,6,41], the mesh length scales for the present unstructured
grids with hanging nodes are not globally predefined with a smooth
analytical form and vary in space, depending on the physical length
scales to be resolved. Namely, the very fine radial resolution required
near the nozzle internal walls (i.e., the trough in mesh spacing at
x∕D  0 and r∕D  0.5 in Fig. 4a) does not have to be carried across
the whole computational domain. Per design, the adaptation tool
promotes mesh isotropy in the bulk of the mesh within the FW-H
surface (i.e., similar values for the different mesh length scales, as
shown by the overlap of the dashed lines in Fig. 4). Azimuthal
resolution is not sacrificed to limit the overall grid size or with
increasing distance away from the centerline, as is typically the case
with purely cylindrical meshes. For instance, on the lip line at the
near-nozzle exit 0 ≤ x∕D ≤ 0.5D, the mesh length scales on the
adapted grid are approximately uniform (Δx∕D ≈ 0.0026,
Δr∕D ≈ 0.0035, and rΔθ∕D ≈ 0.0031) and lead to more than 1000
cells in the azimuthal direction in that region. Previous grid resolution
studies from Bogey et al. [5] highlighted the importance of the
azimuthal resolution on the shear layer and jet development. On the
other hand, a byproduct of these early adaptation schemes with
limited grid stretching is the presence of rapid changes in length scale
at the transition between refinement windows. Research efforts are
currently ongoing to mitigate this grid artifact and use physics-based
criteria to automate and further improve the mesh refinement process.
Following the analysis of Shur et al. [13] and Mendez et al. [16], a
limit Strouhal number Stlim of acceptable resolution, corresponding
to waves resolved with eight grid points per wavelength, can be
estimated based on the resolution along the FW-H surface. For this
analysis, the equivalent cell length Δl∕D, which is the cubic root of
the cell volume, is used as a global metric representative of the
resolution for the present isotropic hexahedral-dominant grids.
Because the high-frequency noise sources are typically expected

Table 3 Characteristic time parameters of the
simulation and postprocessing in terms of simulation time
step dtc∞ ∕D, sampling period of the FW-H data Δtc∞ ∕D,
total duration tsim c∞ ∕D, and minimum (maximum)
frequencies accessible Stmin (Stmax )
LES case

dtc∞ ∕D

Δtc∞ ∕D

tsim c∞ ∕D

Stmin

Stmax

A1
A2
A3
A2 55M
A3 55M

0.0002
0.0001
0.0002
0.0004
0.0004

0.02
0.02
0.02
0.02
0.02

215
112
142
128
280

0.0031
0.0045
0.0038
0.0039
0.0019

16.7
12.6
13.6
12.6
13.6

between the nozzle exit and the end of the potential core (i.e.,
0 < x∕D ≲ 10), the present grids are designed to approximately
resolve radiated noise spectra up to Stlim  D∕8ΔlMa  ≈ 2 to 3,
depending on the simulation (assuming sufficiently high-frequency
sampling of the input data, as discussed in the next section).
C. Boundary Conditions

The round nozzle exit is at x  0, and the axisymmetric
computational domain increases with the jet diameter, extending to
approximately 45D and 20D in the streamwise and radial directions,
respectively. Characteristic boundary conditions [42] are applied at
all the inlet, radial, and outflow boundaries. At the nozzle inlet, a
constant plug flow is used, with the pressure, velocity, and
temperature computed based on the NPR and NTR, and assuming
isentropic flow in the nozzle, such that the desired Mach number and
temperature ratio are achieved at the nozzle-exit plane. The jet
exhausts into an anechoic chamber that is subject to a wind-tunnel
coflow with a Mach number of M∞  U∞ ∕c∞  0.1 in the
streamwise direction to avoid overheating the chamber. The same
M∞  0.1 freestream flow condition is used in the simulations at the
inlet and radial boundaries, along with the ambient temperature and
pressure.
To damp the main turbulent structures and sound waves before
they reach the downstream outlet boundary of the computational
domain, a damping function [43] is applied as a source term in the
governing equations. The source term has the form −σq − qtarget 
and drives the solution in the outflow buffer toward a “quasiquiescent” target state qtarget , which is computed dynamically as the
running average of the flowfield q. Following the recommendations
in [9], the sponge length is a least one wavelength of the lowest
frequency of interest (i.e., 15D for a lowest frequency of St  0.05)
and the damping function is quadratic (σ ∼ x2 ), going from σ  0 at

a) Axisymmetric grid
b) Adapted grid
Fig. 3 Blending parameter α for the computation of the spatial fluxes (α  0: central flux; α  1: upwind flux).
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a) Radial profiles at x/D = 0
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b) Radial profiles at x/D = 2

c) Streamwise profiles along lipline
d) Streamwise profiles along the FW-H surface
Fig. 4 Mesh spacing for the axisymmetric grid (solid lines) and adapted grid (dashed lines).

x∕D ≤ 30 to σ  1 at x∕D  45 (see Fig. 2a). Similarly, a sponge
layer is applied at the upstream and radial outlets of the computational
domain by switching the numerical operators to lower-order more
dissipative discretization.
All the nozzle surfaces are treated as adiabatic no-slip walls. From
past experimental [44–48] and numerical studies [4,6,7], the state of
the nozzle-exit boundary layer is known to be an important parameter
for the flow development and noise characteristics of a jet. However,
because of the computational cost of simulating high-Reynoldsnumber wall-driven turbulence, the nozzle-interior boundary layer is
typically assumed to be laminar or weakly disturbed in many jet
simulations [13,14,16], including the present study. The grid
resolution inside the nozzle is only adequate for laminar flow, and
there is no specific treatment applied in the simulations within the
nozzle to resolve or model a turbulent boundary layer with forcing
[4,6], geometrical tripping [41,49], synthetic turbulence, or wall
modeling.
Because the characteristics of the nozzle-exit boundary layer were
not known in the experiment, we estimated the initial momentum
thickness from Reynolds-averaged Navier–Stokes simulations [18]
of the isothermal case. The resulting value of δθ ∕D ≈ 2 × 10−3 was
similar to the order of magnitude typically reported experimentally
[50]. The Reynolds number in the LES was then lowered to a value
that would produce a laminar boundary layer with the same
momentum thickness as the turbulent boundary layer. The
computational Reynolds number was therefore about 5.5 times
smaller than the experimental Reynolds number but, nevertheless,
remained above 105 for all cases. Experiments [51] and simulations
[1,33] indicated that jet noise was insensitive to Reynolds number
above a critical Reynolds number of approximately 105. In this way,
we tried to match the boundary-layer momentum thickness of the
experiment knowing that the simulation would have a laminar
boundary layer in this early study. Note that, with additional
modeling inside the nozzle, the most recent jet studies with Charles
now matched the experimental Reynolds number in the Re ≈ 106
range, for both supersonic [20,26] and subsonic jets [52–54]
The resulting nozzle-exit profiles of the streamwise velocity at
x∕D  0 are presented in Fig. 5 for all five LES cases. The

momentum thickness of the boundary layer at the nozzle exit δθ ∕D is
estimated from the mean (time-averaged) streamwise velocity in
Fig. 5a (neglecting the effect of the mean density) and reported in the
Table 1. For the ideally expanded conditions, the boundary layers
display thin laminar profiles with low levels of fluctuations. For the
overexpanded conditions, the jet contracts after the initial shock,
anchored on the nozzle-interior surface at approximately
x∕D  −0.1, leading to a separated region near the wall at the
nozzle exit with higher fluctuations levels. Interestingly, although the
mean profiles are similar on axisymmetric and adapted grids, the rms
profiles show more dependence on the mesh type, with no clear
trends. As there is no specific resolution, perturbation, or modeling
inside the nozzle to resolve or force turbulence, these measured
fluctuations are in large part driven by the mesh and numerical details
(e.g., grid transition, resolution, cell shape and skewness, etc.) and
should be considered qualitative. Nevertheless, peak fluctuation
levels at the nozzle exit are within 0.2–2.5% of the jet velocity, which
is similar to previous jet studies with and without forcing [4,6].
D. Simulation and Postprocessing Procedures

In general, the LESs are restarted from a statistically steady
solution obtained from a coarser mesh and interpolated on the finer
mesh. To remove the initial transient after interpolation, the
simulations are typically ran for 60–90 time units, corresponding to
the time of propagation of two to three acoustic waves from the
nozzle exit to the start of the downstream outflow buffer. Then, flow
statistics and transient FW-H surface data are collected for a total
duration of tsim c∞ ∕D, with a sampling period of Δtc∞ ∕D  0.02 for
the FW-H data, rather than every time step because of file size
constraints. Table 3 summarizes the characteristic time parameters of
the simulation and postprocessing. The simulation time step is
reduced for heated case A2 because of Courant–Friedrichs–Lewy
constraints due to the higher jet velocity, and larger time steps are
achievable on the adapted grid because of the prevention of
excessively small elements, as previously discussed in Sec. III.B.
The maximum frequency accessible is the Nyquist Strouhal number
of Stmax  ΔSt∕2. Postprocessing of the same LES database with
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a) Time-averaged streamwise velocity
b) RMS of streamwise velocity
Fig. 5 Nozzle-exit boundary-layer profiles for the different LES cases on the axisymmetric grid (solid lines) and adapted grid (dashed lines).

different sampling frequencies (i.e., far-field noise prediction using
every snapshots, one snapshot out of two, etc.) shows that the cutoff at
high frequency is usually related to the grid resolution rather than the
sampling frequency. Because the FW-H solver is implemented in the
frequency domain using spectral methods, the results are reliable up to
the Nyquist frequency, given sufficient spatial resolution.
Similarly, Stmin  D∕tsim Uj  is the narrowband width and
minimum frequency accessible by this postprocessing. In practice,
the time window available from simulations is much shorter than that
of experimental measurements. This can lead to rather “peaky”
narrowband spectra: in some cases, with large variations in the low
frequencies due to lack of statistical convergence. For comparison
with the smoother spectra obtained in the experiment, it is convenient
to compute bin-averaged spectra. For all the noise spectra
calculations in the paper, the same postprocessing procedure is
applied to both numerical results and measurement data: a
dimensional bin-averaged power spectral density (PSD; in decibels
per Strouhal number) is computed from the narrowband data, with a
bin size of ΔStbin  0.05. The total duration of the simulation yields
between 11 and 26 periods at St  0.05 (i.e., the lowest frequency
considered), depending on the case. Postprocessing of the same LES
database with different lengths of time window show that at least
10 periods of the frequency of interest is the minimum for reasonable
statistical convergence of the low-frequency noise spectra. In
retrospect, the relatively short time signal of the LES data is one
limitation of this early study. With progress in high-performance
computing, some of the most recent jet studies with LESs have a
much longer time signal (i.e., in the range of 700–2000 acoustic time
units [26,41]), leading to better convergence of the acoustic spectra in
the low-frequency range. A longer LES database can also enable
analysis to account for potential temporal intermittency of the
radiated noise, which is a feature that has been observed and reported
in previous jet experiments [55,56].
Finally, if the calculation is applied to a jet with sufficient
symmetry (e.g., round nozzle, chevron nozzle with small penetration
angles [23], etc.), the microphones distributed along the azimuthal
angle are statistically identical. Ensemble-averaging spectra
calculated for microphones at different azimuthal positions exploit
this symmetry to achieve better statistical convergence.
E. Computational Resources and Performances

The LES code Charles is designed and implemented using a
message-passing interface (MPI) to function well in a massively
parallel, distributed memory environment. Here, the majority of the
calculations were carried out on CRAY XE6 machines at the U.S.
Department of Defense supercomputer facilities in the Engineer
Research and Development Center and the U.S. Air Force Research
Laboratory. Strong scalability tests on these systems show that the
code exhibits nearly linear scaling at the 20,000 core level [57]. For
the present medium-size grids, all the simulations ran on 1024 cores,
for a computational cost of approximately 172,000 core hours for
cases A1, A2, and A3; 75,000 core hours for case A2 55M; and
260,000 core hours for case A3 55M.

Note that, even though LES cases A1 and A3 were performed for
the same mesh, the same number of processors, and the same number
of core hours, the total simulation time tsim of the isothermal ideally
expanded case was almost 35% greater than for the heated
overexpanded case, as shown in Table 3. In the latter case, shocks
were present in the flow and the shock-capturing schemes required
additional operations. However, the shock sensor, which identified
control volume faces where the shock-specific scheme was required
to compute the flux, was active for less than 1% of the faces.
Consequently, these additional operations were only performed by
the few processors that had shock-activated control volume faces
assigned to them; although, the other processors were idle. One of the
lessons learned from these simulations and from the earlier work of
Nichols et al. [22] was that improved performance could be obtained
by enforcing processor load balancing based on the shock sensor
(i.e., the active cells had a computational “weight” greater than the
cells without shocks). This change in implementation was critical to
obtain linear scaling for refined jet simulations with shocks on a very
large number of cores [24,40].

IV.

Flow and Noise Results

A. Visualization and Qualitative Description of the Flow

Instantaneous snapshots of the vorticity field for the heated ideally
expanded jet are shown in Figs. 6a and 6b for cases A2 and A2 55M,
respectively. To illustrate the differences between the axisymmetric
and adapted grids, the unstructured computational mesh is partially
shown in the midsection plane (central subfigure) and planes normal
to the axis of the jet (top and bottom subfigures), whose locations are
marked with vertical dashed lines in the middle images. For the
crossflow cuts, the circular dashed line corresponds to the nozzle-exit
outline. The vorticity contour levels are from 0 to 40c∞ ∕D (from dark
to light). Note that the triangle elements visible in the figures are
solely artifacts of the visualization software that tessellates cells with
hanging nodes. Vorticity is used here to highlight some of the details
of turbulent structures resolved in the simulations. As expected, the
thin laminar shear layer issuing from the nozzle quickly transitions to
turbulence, within one diameter from the nozzle exit. The turbulent
flow mixes as it develops farther downstream of the nozzle, with
limited grid transition effects, which are mainly observed for the
adapted mesh. Overall, the adapted grid supports slightly finer and
sharper turbulent structures than the axisymmetric grid (in particular,
for 0 ≤ x∕D ≤ 10), thanks to the added resolution and improved
mesh isotropy.
A more global view of the transient flowfield is presented in
Fig. 7, showing the flow (visualized by the contours of temperature
in the jet plume) and sound (visualized by the contours of pressure
surrounding the jet plume) on the same axisymmetric grid for the
three operating conditions. The pressure contours show P from
0.704 to 0.724 while the temperature contours show T∕T ∞ from 1 to
1.15 for the isothermal case A1, and from 1 to 2.5 for heated cases
A2 and A3. For the present supersonic jets with slow coflow, the
dominant noise radiation pattern is associated with the Mach waves
[58,59], which are pressure waves generated by turbulent eddies
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Fig. 6 Visualization of the instantaneous vorticity magnitude and underlying mesh for the heated ideally expanded jet.

with supersonic convective speed with respect to the surrounding
fluid. The Mach wave radiation toward aft angles (i.e., jet inlet angle
ϕ ≈ 135–150 deg) is present for all three operating conditions and is
particularly strong for the heated ideally expanded jet that has the
highest acoustic Mach number. For the heated overexpanded jet in
Fig. 7c, an additional pattern of circular (spherical) waves can be
observed between the nozzle exit and the end of the potential core.
This type of wave is emitted by stationary sources (in the present
case, the shocks), which is in contrast to the Mach waves emitted by
the moving turbulent eddies [60]. The resulting noise radiation
toward upstream and normal directions (i.e., jet inlet angle ϕ ≈ 50 to
90 deg) is clearly visible, and it is confirmed in the far-field noise
spectra discussed in Sec. IV.D. A similar pattern is also present

for all three jets just downstream of the potential core. This
intermediate region where the flow transitions from a mixing layer
to a fully developed jet is often regarded as the region of peak noise
generation [61]. Note that the visualized sound waves far from the
jet plume do not represent the actual sound that can be computed
using the FW-H solver. As discussed in Sec. II, the coarser
resolution and lower-order dissipative discretization outside of the
acoustic source-containing region (i.e., the zone enclosing the FWH surface) leads to the intended smoothing but quick damping of the
pressure waves in the computational domain.
Similar to laboratory experiments, an exact pressure-matched
condition cannot be achieved in simulation, and residual shock cells
are formed in the vicinity of the nozzle. Weak shock cell structures are

Downloaded by American Institute of Aeronautics and Astronautics on April 18, 2017 | http://arc.aiaa.org | DOI: 10.2514/1.J055084

1172

BRÈS ET AL.

Fig. 7 Instantaneous pressure and temperature field for the three operating conditions on the axisymmetric grid.

visible inside the jet potential core in Fig. 7a, and their presence
suggests that the nozzle is operating slightly offdesign. As discussed
in [18], the shocks are minimized in the experimental studies by
varying the nozzle pressure ratio over a small range centered at the
design value and determining when the minimum sound level is
observed at the 90 deg far-field microphone. For the 2 in. nozzle, this
corresponds to NPR  3.55, NTR  1.49, and Mj  1.477 (rather
than Mj  1.5) for the unheated condition, which is considered to be
the shock-free operating condition. For simulations A1, A2, and
A2 55M, only weak residual shocks are present; and the shockcapturing scheme discussed in Sec. II.A is not active.
B. Flow Statistics

Statistics of the streamwise velocity along the jet axis and lip line
are presented in Fig. 8 for all the LES cases. Similarly, Fig. 9 shows
radial profiles of these statistics in different crossflow planes. Here,
the LES statistics are averaged in the azimuthal direction. The figures
also show the available experimental measurements, which are
limited to the time-averaged streamwise velocity for the ideally
expanded conditions, from single probe acquisition.

The first observation is that the LES results on the axisymmetric
and adapted grids are essentially identical. The small discrepancies
are mainly observed in the rms levels for x∕D > 10, in the turbulent
region of the jet plume downstream of the potential core, and are
likely due to the limited temporal averaging. Another small
difference is the slight discontinuity in rms levels observed along the
lip line at x∕D ≈ 2 and 10 on the adapted grid in Figs. 8b and 8c),
which is associated with the rapid mesh transitions discussed in
Sec. III.B and Fig. 4. Higher-order statistical moments like rms and
skewness are typically more sensitive to temporal convergence and
spatial resolution. The only noticeable exception is the peak rms
along the lip line for the hot jet in the bottom row of Fig. 8b, which is
discussed further in the section’s last paragraph.
In terms of comparison with the experiment, the LES results show
reasonable agreement with measurements, as the centerline decay
and length of the potential core are well captured in the simulations.
In general, these quantities are challenging to predict numerically.
Underprediction of the potential core length and overprediction
of the centerline velocity rate of decay are often observed in
simulations [1] and are typically associated with lack of resolution in
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a) Isothermal ideally expanded jet
b) Hot ideally expanded jet
c) Hot overexpanded jet
Fig. 8 Centerline and lip line profiles of the streamwise velocity statistics: experimental measurements (circles); LES results on axisymmetric grid (solid
lines) and adapted grid (dashed lines).

b) Hot ideally expanded jet
c) Hot overexpanded jet
a) Isothermal ideally expanded jet
Fig. 9 Radial profiles of the streamwise velocity statistics: experimental measurements (circles); LES results on axisymmetric grid (solid lines) and
adapted grid (dashed lines).

the jet plume [18,62] and with initially laminar jets transitioning to
turbulence outside of the nozzle [3,4,16]. The potential core length
xc , taken as the distance up to which the flow velocity is greater than
95% of the jet exit velocity, is approximately 9.7D in the simulation
and 10.2D in the experiment for the isothermal ideally expanded jet.
For the heated ideally expanded jet, xc decreases to about 8.4D in the
simulation and 8.5D in the experiment. This trend is consistent with
the experimental results of Lau [63], who measured that the potential
core length varied as T 0 ∕T ∞ −0.2 for isothermal and heated jets.
Similar agreement with the experiment is obtained for the radial
profiles in Fig. 9. At the farther downstream station x∕D  15, the
maximum velocity is predicted within a 5% difference. This
mismatch is essentially due to the slight underprediction of the
potential core length and higher decay rate in the simulations.
For the ideally expanded jets, the small fluctuations observed for
0 ≤ x∕D ≤ 5 on the centerline profiles are further evidence of the
weak residual shocks previously mentioned. For the overexpanded
condition, the variations of the centerline velocity show the presence
of 10 discernible shock cells, as the jet exit conditions adapt to the

ambient conditions. The equivalent fully expanded nozzle diameter
Dj can be computed by imposing conservation of mass flux [64]:
Dj

D

s

Md 1  γ − 1∕2M2j γ1∕4γ−1
Mj 1  γ − 1∕2M2d

(9)

Because the flow is overexpanded, the jet contracts after the initial
shock and the equivalent fully expanded jet diameter Dj is smaller
than the nozzle-exit diameter. From the time-averaged streamwise
velocity, its value can be estimated at Dj ∕D ≈ 0.953 for both LES
cases, which is in good agreement with the theoretical value of 0.962
from Eq. (9).
Based on the location of the peaks in the centerline velocity
profiles, the length of the first shock cell is L1 ≈ 0.93D and the length
of the subsequent shock cells tends to decrease linearly with a 6–7%
slope. These estimates can be compared to the theoretical value of
the shock cell spacing Ls computed with the Prandtl–Pack relation
[65,66]:
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q D
j
Ls  π M2j − 1
μ1

(10)

where μ1  2.40483, and the small effects of the low coflow are
neglected. Using the value of Dj from Eq. (9), the theoretical shock
cell spacing is Ls  1.14D. Although the Prandtl–Pack relation
generally provides good estimates for the nozzle with a design Mach
number of Md  1, it has been shown to overpredict the shock cell
spacing [67] for Md > 1. In the present case with Md  1.5, the ratio
of the measured to predicted shock cell spacing is L1 ∕Ls ≈ 0.82,
which is identical to the value reported in the experiment of Norum
and Seiner [68] and in the LES of de Cacqueray et al. [12], for
different supersonic overexpanded jets.
Finally, one feature that is present in all of the LES cases is the
spike in the velocity fluctuations along the lip line near the nozzle exit
(see the bottom row of Fig. 8). This feature is characteristic of the
transition from a laminar (or nominally laminar) boundary layer to a
turbulent shear layer. It has been observed in many experiments
[69,70] and simulations [4–6,16,18,71,72] for both free shear layers
and mixing layers. Depending on the specific operating conditions
and grid topology, the peak of the velocity rms is located between
x  0.6D and 1.3D downstream of the nozzle. Here, the adapted
mesh tends to result in a shorter initial laminar region and display
earlier transition to turbulence. This trend is likely related to the
improvements in terms of resolution and mesh isotropy achieved in
the near-nozzle region with the localized grid adaptation scheme.
C. Near-Field Noise

Two different methods are used to compute the noise at the
experimental near-field microphones shown in Fig. 2. The first
method corresponds to the computation and propagation of the
pressure fluctuations directly in the simulation (i.e., recording the

pressure signal from simulation at specified locations). The LES
pressure time histories are recorded over 48 near-field probes equally
spaced in the azimuthal direction, and the spectra are ensemble
averaged.
The second method makes use of the FW-H solver mentioned in
Sec. II.C and described in more detail in Appendix B. Because there
is no “far-field” approximation in the current algorithm, aside from
the quadrupole terms being neglected, the far-field noise solver can
be used to predict the noise at any location outside of the FW-H
surface. Here, all the near-field probes are located outside of that
surface, as shown in the schematic in Fig. 2a. To reproduce the LES
setup and the presence of the coflow M∞  0.1 in the computation,
the FW-H predictions are performed with the same coflow and at the
same 48 near-field probes, with ensemble averaging in the azimuthal
direction.
Figure 10 presents the near-field sound spectra for all of the LES
cases and the comparison to experimental measurements at six
representative microphone locations. For the reported near-field
microphones, the corresponding jet inlet angle is between ϕ ≈ 163
and 169 deg (see Table 2). Similar to the flowfield statistics, the first
observation is that the noise results on both axisymmetric and
adapted grids are similar, with the main differences in the low
frequencies likely due to limited temporal convergence. The second
key point is that the direct LES results (dashed lines) exactly match
the FW-H predictions (solid lines) up to St ≈ 1 for all the near-field
microphones, with the agreement extending up to St ≈ 2 for probes
closer the nozzle. At higher frequencies, the discrepancies between
the two methods are likely related to the limitations in grid resolution,
as discussed in Sec. III.B. In particular, the results from the direct
propagation are affected by the rapid coarsening of the mesh outside
of the FW-H surface. For the adapted grid, the localized refinement
capability enables an even faster transition from a fine mesh to a
coarse mesh, which leads to a faster dropoff of the high-frequency

a) Isothermal ideally expanded jet
b) Hot ideally expanded jet
c) Hot overexpanded jet
Fig. 10 Comparison of the sound spectra at near-field microphones for the three operating conditions.
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spectra than for the axisymmetric grid. In addition, some of the
underprediction of the FW-H results could be due to the contributions
from the quadrupole (i.e., volume terms), which might not be
negligible in the near field but are not computed with the current
formulation. Overall, the agreement between the spectra computed
directly within the LES solver and predicted with the FW-H solver
provides further evidence of the ability to accurately propagate the
radiated sound to the far field, from the near-field noise sources
captured in the simulations.
In terms of comparisons between numerical predictions and
experimental data, the agreement is good for the ideally expanded
conditions, over the whole frequency range, from St  0.05 up to the
experimental cutoff frequency of St ≈ 2–3. The heated case has a
higher jet velocity Uj than the isothermal case, and therefore a similar
shape for the spectra, but it is slightly shifted toward the lower
frequencies and with higher levels. In contrast, for the overexpanded
conditions, the results on both grids and for both methods show an
underprediction of the low-frequency levels, mainly for St ≤ 0.4 at
the near-field probes between the nozzle exit and the end of the
potential core. At these frequencies and locations, the experimental
measurements are 5–6 dB higher for the hot overexpanded jet
compared to the hot ideally expanded jet, although the numerical
predictions only show a slight increase. One potential factor
contributing to these discrepancies is the numerical scheme used for
computing a flux across a shock, which is more dissipative than the
default scheme discussed in Sec. II.A and is mainly active in that
precise region of the jet. The added numerical dissipation is likely to
affect the growth rate of the wave-packet instability waves, which
have been shown to be a significant contributor to the radiated noise at
these frequencies and jet angles [73]. In more recent work [25,26], the
hybrid switch, which detects where shocks are present in the flow and
activates the shock-appropriate scheme, is now based on the method
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inspired by the Ducros et al. shock sensor [74] and modified by
Bhagatwala and Lele [75] to only select regions of negative dilatation
(i.e., compression). This approach was found to further reduce the
regions where the shock-capturing scheme was active and, in
particular, avoided strong vortices in the shear layers being
intermittently misidentified as flow discontinuities. For similar
heated overexpanded supersonic jet conditions, the far-field noise
results from those studies did not display the underprediction
observed in the present work.
D. Far-Field Noise

Figure 11 shows the comparisons of the far-field sound for three
operating conditions as a function of the experimental microphone
stations in Fig. 2b. For each microphone location, the FW-H
calculation is performed at 72 stations equally spaced in the
azimuthal direction, and the far-field spectra are ensemble averaged.
The corresponding overall sound pressure level directivity is
presented in Fig. 12, where the frequency range considered for the
integration is 0.05 ≤ St ≤ 3. Note that the microphones are not at a
constant distance for the nozzle exit, which accounts in part for the
unconventional shape of the directivity curve.
Two sets of far-field experimental results are presented in this
figure. The first set (shown with circles) is from the initial
measurement campaign carried out at United Technologies
Research Center. For the overexpanded condition, new measurements, referred to as “rerun 2012” (□), were conducted at UTRC for
the same nozzle and wind-tunnel facility to further investigate the
discrepancies observed in the initial comparisons. Note that the
data at ϕ  90 and 100 deg is not available because of faulty
microphones. Both datasets correspond to the approximated
“lossless” spectra, in which a correction is applied to compensate
for the atmospheric attenuation. The correction is a function of the

a) Isothermal ideally expanded jet
b) Hot ideally expanded jet
c) Hot overexpanded jet
Fig. 11 Comparison of the sound spectra at far-field microphones for the three operating conditions.
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a) Isothermal ideally expanded jet
b) Hot ideally expanded jet
c) Hot overexpanded jet
Fig. 12 Comparison of the overall sound pressure level directivity for the three operating conditions.

distance of propagation and frequency, and its main effect is to
increase the high-frequency levels for St > 2. Based on the nozzle
diameter size of D  2 in. and the jet velocity of Uj  1.5c∞ m∕s,
the experimental Strouhal number of St  2 corresponds to a
dimensional frequency of about 20,000 Hz. At such a high frequency,
the atmospheric attenuation at the experimental microphones 60D
from the nozzle exit is not negligible and should be taken into
account. This is confirmed in the experimental spectra, with and
without correction, reported in [76] for the isothermal ideally
expanded case, where differences from 1.5 up to 5 dB were observed
for St > 2.
Overall, the far-field noise predictions are consistent with the
results and observations for the flowfield and near-field noise
discussed in the previous sections. First, the results on both
axisymmetric and adapted meshes are similar, with the main
differences observed in low frequencies because of the variation in
runtime and in high frequencies because of grid limitations (further
discussed in Appendix A). For both grids and all operating
conditions, there is a nearly systematic underprediction of the very
low frequencies for St ≤ 0.15, which is likely due to the relatively
short time window of LES data.
Second, some discrepancies are observed for the overexpanded jet
in both the experiments and LES, highlighting the challenges of
measurements and predictions at these operating conditions. One
feature of the overexpanded jet that is well captured in the simulations
is the broadband shock-associated noise (BBSN), e.g., the bump in
the spectra at 0.5 ≤ St ≤ 1 for the microphone at ϕ  90 deg in
Fig. 11c. The theoretical value [66,77,78] of the center frequency of
the broadband shock-associated noise is given by the following:
fBBSN 

Uc
Ls 1  Mc cos ϕ

(11)

where ϕ is the angle of noise radiation measured from the nozzle inlet
direction, i.e., the jet inlet angle; Mc  Uc ∕c∞ ; and Uc is the
convection velocity, taken to be 0.7Uj . Here, we estimate that the
presence of the slow coflow M∞  0.1 will only increase this typical
value of Uc by up to 2%, and this effect is therefore neglected. The
problem of BBSN with coflow was treated in more detail by Tam
et al. [79], and changes are significant when the coflow is larger than
the present value. At ϕ  90 deg, the corresponding Strouhal
number is 0.61 if the shock cell spacing Ls is computed with Eq. (10),
and it is 0.75 if the measured length of the first shock cell L1 is used
instead. The latter value is in good agreement with the estimates
fBBSN D∕Uj  0.78 and 0.75 from the LES and experiment,
respectively. The BBSN shifts to a higher frequency and decreases in
amplitude as a function of the direction of radiation, with the lowest
value for a higher jet inlet angle. This trend is visible in the far-field
noise prediction, although the decay of BBSN levels is slower in the
simulation, leading to some overprediction around St ≈ 1 to 2: in
particular, at ϕ  110 and 120 deg. Future work will investigate
whether the changes in the shock-capturing schemes discussed in
Sec. IV.C can impact this feature.
Third, for the ideally expanded cases, the agreement with the
experiment is reasonable for most angles and relevant frequencies,
with the exception of the slight overprediction in the midrange
frequencies (i.e., 1 ≤ St ≤ 4) and intermediate angles of ϕ  100 to

130 deg. This feature is also present for the overexpanded cases, to a
lesser degree. For the three operating conditions, the overall sound
pressure level (OASPL) predictions are typically within 1.5 to
2.5 dB of the measurements, but the directivity pattern tends to be
tilted, with levels too high at the low jet angles and too low at
the high angles. This shape is due the overprediction just
mentioned, combined with the underprediction of the peak spectra
for frequencies of 0.1 ≤ St ≤ 0.3 at jet angles ϕ ≥ 140 deg. The
same trends (i.e., overprediction for St > 1 at low angles,
underprediction of peak radiation, 1.5 to 2 dB discrepancies in
OASPLs, and tilted directivity curve) have been documented for a
Mach 0.9 turbulent jet simulated with initially laminar boundary
layers [52,53]. In these studies, significant improvements
were obtained with adaptive mesh refinement, synthetic turbulence,
and wall modeling within the jet nozzle to ensure fully turbulent
nozzle-exit boundary layers. With such modeling, the overprediction observed at high frequency for the baseline cases
was eliminated and the resulting OASPL directivity curve was
within experimental uncertainty, with less than a 0.5 dB
difference for most angles. Therefore, the current hypothesis is
that further improvements of the predictions would require
modeling of the boundary layers inside the nozzle, in addition to
the improvements in the shock-capturing schemes previously
discussed.
Finally, it is important to note that the experimental data have no
shear-layer correction: the noise radiated from the primary
supersonic jet propagates across the entire coflow jet and, through
its mixing region, toward the far-field microphones in the ambient
fluid at rest (see Fig. 2b). This scenario is very specific to wind-tunnel
experiments, and it is not directly representative of forward-flight
effects in a real aircraft. It is also challenging to reproduce with
computations, unlike the scenario for the near-field microphones
discussed in Sec. IV.C, where both the noise generation and
propagation occur within the uniform coflow region. Given the
agreement obtained for the near-field probes in Fig. 10, the same data
are used here as inputs to the far-field noise solver, namely, the
transient flowfield on the FW-H surface recorded from the simulation
with a coflow of M∞  0.1 and matching the experimental
condition. Because the diameter of the secondary coflow jet is about
10D and the far-field microphones are located at approximately 60D
from the nozzle exit, most of the acoustic wave propagation occurs
within the ambient fluid at rest. This motivated our choice to set the
coflow to M∞  0 in the propagation part of the FW-H solver as a
first approximation, namely, uniform fluid at rest assumed between
the noise sources (i.e., the FW-H surface) and the microphones.
Far-field predictions with M∞  0.1 are also performed and are
presented in Fig. 13 as preliminary results for two representative
angles (only the results on the axisymmetric grid are reported for
clarity). Accounting for the coflow in the FW-H propagation seems to
have subtle effects dependent on the operating conditions, frequency,
and angle of observation; including it in the far-field noise predictions
did not lead to a global improvement of the comparisons with the
available microphone data. A dedicated numerical study and a more
complete set of experimental measurements using nonintrusive
methods characterizing the shear-layer corrections [80,81] are likely
needed to fully investigate its influence.
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a) Isothermal ideally expanded jet
b) Hot ideally expanded jet
c) Hot overexpanded jet
Fig. 13 Details of the far-field sound spectra predictions on the axisymmetric grid from the FW-H solver with (solid line) and without (dashed line) coflow.

V.

Parametric Studies of Far-Field Noise Predictions

Similar to most jet noise studies in the literature, the current
implementation of the FW-H solver makes use of a permeable surface
S enclosing flow-generating sound sources, with the volume terms
neglected (see Appendix B). There is, however, no clear consensus in
the literature on the optimal location of the FW-H surface, treatment
of the outflow disk, and formulation details. Several parametric
studies have been done in the past by Rahier et al. [82], Uzun et al.
[83], Shur et al. [13,14], Spalart and Shur [15], and Mendez et al.
[84,85], among others. The purpose of this section is to document
some of the results, analysis, and conclusions obtained on these
topics with the present unstructured LES.
A. Pressure-Based FW-H Formulation

Spalart and Shur [15] argued that neglecting the volume term could
be erroneous: in particular, for simulation of hot jets where the surface
S fails to entirely enclose the region of turbulence, and important
entropy fluctuations can therefore be expected to cross the FW-H
surface. Starting from the study in [13], their work showed a
reduction of this error with the use of a pressure-based variant of the
original formulation, in which the value of density ρ  ρ∞  ρ 0 on
the FW-H surface was not directly extracted from the simulation
but instead computed using the pressure fluctuations, i.e.,
ρ  ρ∞  p 0 ∕c2∞ . Morfey and Wright [86] also presented similar
modifications of the FW-H equation. The parametric studies by
Mendez et al. [85] yielded the same conclusion that the pressurebased formulation seemed better suited for jet aeroacoustics; in
particular, for heated jets, it showed a reduction of the overprediction
at low frequencies at downstream angles. Its added benefit was that
only four variables (i.e., three components of velocity and pressure)
needed to be saved on the FW-H surface because the density was no

longer required, consequently reducing storage requirements. For the
present study on more refined grids, the FW-H calculations with
outflow disk treatment (see Sec. V.C) did not display significant lowfrequency overpredictions, and both density- and pressure-based
formulations yielded essentially identical results. Nevertheless,
based on the benefits on data reduction and on predictions previously
reported, the pressure-based FW-H formulation was used in all the
calculations in the present work.
B. Location of FW-H Surfaces

For all three operating conditions, calculations of the far-field
noise directivity at 100D from the nozzle exit were performed for
three different FW-H surfaces extracted from simulations on the same
axisymmetric grid: S0 (tight), S1 (default), and S2 (loose), as shown in
Fig. 14. The surfaces first follow the external nozzle shape, and then
radially flare starting at (x∕D  0, r∕D  0.6), with slopes of 0.095,
0.11, and 0.13 for S0, S1 , and S2 , respectively. Here, the slopes are
chosen based on a rough estimate of the jet spreading rate [87–89].
The distance of 100D is a typical choice [90] for the approximation of
the far-field conditions.
In general, the choice of location of the FW-H surface is a tradeoff
between numerical resolution (i.e., how close the jet should be to the
surface to ensure accurate propagation of the acoustic waves within
the flow solver) and noise source containment (i.e., how far the jet
should be from the surface to enclose all relevant acoustic sources).
Although the present mesh topology is designed a priori to provide
sufficient numerical resolution, the question of acoustic source
containment remains. Figure 15 shows azimuthal-averaged time
statistics along the different FW-H surfaces as an indication of the
turbulence crossing these surfaces. As expected, the surface S0 ,
which is placed more aggressively near the jet plume, exhibits higher
mean and rms levels for both the streamwise velocity and pressure.

Fig. 14 Outline of the different FW-H surfaces considered: surfaces S0 (thick, dashed lines; tight), S1 (thick, solid lines; default), and S2 (dashed–dotted
lines; loose), with 16 endcaps; and surface S3 (thin, dashed lines) extending in the outflow buffer and with an open outflow disk.
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a) Mean streamwise velocity
b) Streamwise velocity rms
c) Pressure rms
Fig. 15 Flow statistics along the different FW-H surfaces (see details in Fig. 14).

As the surfaces S1 and S2 move outward from the jet, the fluctuation
levels decrease and the mean streamwise velocity converges toward
the coflow velocity of M∞  0.1 downstream of the jet.
Figure 16 shows the far-field noise spectra at jet inlet angles of
ϕ  60, 90, and 150 deg for all three LES cases on the axisymmetric
grid. Aside from the differences previously discussed due to the
operating conditions, the results show nearly identical spectra over
the whole frequency range for the three FW-H surfaces, despite the
differences in the estimated turbulence crossing these surfaces,
shown in Fig. 15. This lack of sensitivity to the FW-H surface location
is a good indication of the robustness of the methods. Here, the
careful design of the mesh, with isotropic cells and limited grid
stretching in the bulk of the acoustic source-containing region, is
likely instrumental to these results.
C. Treatment of the Outflow Disk

Different opinions exist when it comes to the treatment of the
outflow disk for jet noise predictions. The first approach is to simply

a) A1 (cold ideally expanded)

define a closed permeable surface, as expected by the Ffowcs
Williams and Hawkings equation. In many studies [82,83], the FW-H
surface is, however, left open at the outflow to avoid spurious sound
generated by vortices passing through the downstream face. In
contrast, Shur et al. [13] introduced a third option: averaging over the
outflow disk, which is also referred to as the method of “endcaps.” In
this approach, the complex far-field pressure predicted from several
FW-H surfaces with the same shape but outflow disks at different
streamwise locations are phase averaged, leading to the reduction or
cancellation of the uncorrelated noise produced by the turbulent
eddies crossing the successive outflow disks. The same concept can
also be used to remove spurious high-frequency noise by computing
the phase average of the far-field sound over several embedded FW-H
surfaces of similar shape, as shown in [17].
Figure 16 illustrates the influence of the outflow disk on the noise
spectra. Although the predictions presented up to this point used the
approach of Shur et al. [13], with 16 endcaps uniformly distributed
from x∕D  20 to 30, additional FW-H calculations are performed

b) A2 (hot ideally expanded)

c) A3 (hot overexpanded)

Fig. 16 Sound spectra at 100D for different FW-H surfaces (see details in Fig. 14).
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with the default surface S1 where the outflow disk is left open at
x∕D  20, at x∕D  30, and closed with a single endcap at
x∕D  30. For all three LES cases, these last three approaches lead to
overpredictions in the low frequencies (up to 10 dB): in particular, at
the upstream and sideline angles. At the downstream angles (i.e.,
ϕ  150 deg), the physical noise becomes dominant and its
amplitude is sufficiently high to mask this spurious noise. The same
trend is observed when the strength of the noise sources increases
through heating (i.e., higher jet exit velocity): the low-frequency
spurious noise is more noticeable for isothermal case A1 than for hot
case A2 in Figs. 16a and 16b, respectively. Also, the decay of vorticity
is faster for the hot jet than for the isothermal jet, which leads to
stronger vortices at the outflow and more spurious noise for the latter
case. Here, these results are consistent with the analysis and
conclusions reported by Shur et al. [13] and Mendez et al. [85].
As an additional case not typically considered in past studies, the
surface S1 is extended in the outflow buffer to the end of the
computational domain and left open at the outflow disk, resulting in
surface S3 , shown in Fig. 14. Comparing the thick solid line with the
dashed line in Fig. 16, the predicted far-field noise spectra are
essentially identical to the result from S1 with the endcaps. In the
outflow buffer, the damping function, and coarsening of the grid
essentially drive the flow towards steady state, such that the
fluctuations on the corresponding parts of the FW-H surface can be
expected to be small and their contribution to the total noise should be
negligible. The flow statistics in Fig. 15 along the FW-H surface S3 at
30 ≤ x∕D ≤ 45 would tend to confirm this trend. Likewise, the
turbulent eddies are smoothly damped in the outflow buffer, and
their interactions with the FW-H surface should be minimal. This
is a potential reason why studies using open surfaces do not
systematically report overpredictions in the low frequencies. Here,
the hypothesis is that, as long as interactions between the flow
vortices and the FW-H surface are limited (i.e., coarser resolution,
grid stretching, more dissipative schemes, etc.), the spurious lowfrequency noise will likely be limited as well. An additional analysis
with different LES databases and FW-H solvers would be needed to
further investigate the cause of these discrepancies.

VI.

Conclusions

The compressible flow solver Charles developed at Cascade
Technologies is used to conduct a LES of supersonic jets issuing from
a converging–diverging round nozzle at three operating conditions
relevant to laboratory testing and tactical aircraft: isothermal ideally
expanded (jet Mach number of Mj  1.5, jet temperature of T j  1,
and jet Reynolds number of Rej  300;000), heated ideally
expanded (Mj  1.5, T j  1.74, and Rej  155;000), and heated
overexpanded (Mj  1.35, T j  1.85, and Rej  130;000). The
nozzle geometry is explicitly included in the computational domain,
using two different types of unstructured body-fitted mesh, with
emphasis on grid isotropy in the acoustic source-containing region,
either directly in the initial axisymmetric mesh or through the use of
localized adaptive refinement. The axisymmetric and adapted grids
contain 42 × 106 and 55 × 106 control volumes, respectively. Noise
radiation from the jet is computed using an efficient frequencydomain implementation of the Ffowcs Williams–Hawkings
equation, based on the LES data collected on a permeable surface
located in the jet near field. Overall, the comparisons between LES
results and the available experimental data show reasonable
agreement in terms of flowfield as well as near-field and far-field
acoustic spectra.
From the results and analysis reported in this paper, and in more
recent work with Charles, the following comments can be provided
on the general guidelines for the unstructured LES of jet noise and on
the limitations of the present simulations:
1) One of the first and more critical aspects of jet noise prediction is
the careful design of the mesh for aeroacoustics: here, sufficient
resolution in the shear layer, as well as cell isotropy and limited grid
stretching in the acoustic source-containing region, are strongly
recommended.
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2) Likewise, the importance of the computational methods used in
the flow solver needs to be emphasized. Although very high-order
schemes are typically not available on unstructured grids, effort
should be made to design and employ computational methods with as
little numerical dissipation as possible.
3) Inclusion of the nozzle in the computational domain will only
become more important as more complex geometries like chevrons,
faceted nozzles, and multistream multielement exhaust systems are
investigated numerically. Unstructured solvers seem well suited to
handle such complex configurations.
4) For fair and complete comparison with measurements, attention
to the details of the experimental procedure is important, e.g.,
atmospheric attenuation, far-field assumption, consistent postprocessing of time signal for spectra computations, and shear-layer
correction. The latter item is one of the limitations of the present work
because the noise propagation in the experimental configuration
(i.e., acoustic waves from a primary supersonic jet propagating across
a secondary coflow jet toward far-field microphones in ambient fluid
at rest) could not be fully reproduced in the numerical predictions.
5) Special care is also required for the time signal processing.
Windowing of the time data should be used to avoid spectral leakage.
The transient flow sampling frequency should be at least twice the
grid cutoff frequency to capture high frequencies. The total
(statistically converged) simulation time should be at least 10 periods
of the lowest frequency of interest for reasonable convergence of the
acoustic spectra. In retrospect, this is another limitation of the present
study because a longer time signal would likely improve the
statistical convergence of the spectra in the low-frequency range.
6) The pressure-based formulation [15,86], rather than the original
FW-H formulation, is used, though both methods yield nearly
identical results for the present jet cases. Its main benefit is the
reduction in file size because the density on the FW-H surface is no
longer stored.
7) Although different alternatives exist for the treatment for the
outflow disk, a closed FW-H surface with the method of endcap [13]
tends to lead to better far-field noise predictions: it is a robust and
reliable method, with limited performance penalty.
8) In terms of performance, processor load balancing based on the
shock sensor was found critical for the flow solver to retain linear
scalability on a large number of cores when shocks are present in
the flow. For the far-field noise solver, the frequency-domain
formulation [36,37] of the FW-H equation is a robust and efficient
method ideally suited for jet aeroacoustics (including forward-flight
effects).
9) In the present work, the hybrid switch, which detects where
shocks are present in the flow and activates the shock-appropriate
scheme for the flux computation, is based on the identification of
relative changes in the flow properties [29]. In more recent work
[25,26], the hybrid switch is now based on the method inspired by the
Ducros et al. shock sensor [74,75] to only select regions of strong
compression. This approach is recommended because it reduces
the regions where the more dissipative flux scheme is active and, in
particular, avoids strong vortices in the shear layers being
intermittently misidentified as flow discontinuities.
10) One important aspect that is not fully addressed in this early
study is the characterization of the nozzle-interior boundary layers
and nozzle-exit turbulence. As the grid resolution and modeling
inside the nozzle can only support laminar flow, the computational
Reynolds number is lowered to Re ≈ 105 to produce a laminar
boundary layer with a similar momentum thickness as the
experimental turbulent boundary layer. The recent unstructured LES
of a Mach 0.9 turbulent jet [52–54] showed that near-wall adaptive
mesh refinement, synthetic turbulence, and wall modeling within the
jet nozzle can be used to ensure fully turbulent nozzle-exit boundary
layers, with the computational Reynolds number matching the
experimental value of Re ≈ 106 . This approach resulted in further
improvements for the flowfield and sound predictions, as compared
to those obtained from the typical approach based on laminar flow
assumption in the nozzle. Such modeling for the nozzle-interior flow
could potentially address some of the present discrepancies and will
be investigated in future work.
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where the variables Qn and Fi are defined as

Downloaded by American Institute of Aeronautics and Astronautics on April 18, 2017 | http://arc.aiaa.org | DOI: 10.2514/1.J055084

Appendix A: Grid Resolution Study
As a preliminary step, a grid resolution study is conducted on the
adapted grid, in addition to the one previously performed on the
axisymmetric grid [18,19]. The study has the same skeletal grid as the
starting point and follows the same refinement strategy discussed in
Sec. III.B, with the exception that the target resolution is increased by
a factor of two in each zone. The total size of the resulting coarse grid
is approximately nine million CVs (instead of 55 million CVs): again,
mostly hexahedral elements (94%).
Following the same numerical setup and procedure described in
Sec. III, simulations are performed on the coarse mesh for the heated
overexpanded jet conditions, with the same total duration of
Δtc∞ ∕D  280 as for refined case A3 55M. Representative results
in terms of the flowfield and sound field are presented in Fig. A1. As
expected, the simulation on the coarser grid yields a shorter potential
core, an earlier and larger peak for the centerline velocity rms, and
lower rms levels downstream of the potential core. As previously
discussed, underprediction of the potential core length and
overprediction of the centerline velocity rate of decay are typically
associated with lack of resolution in the jet plume, which is consistent
with the present results. For the noise predictions, the results on both
grids are comparable for most angles and low frequencies. The main
discrepancies are observed at the higher frequencies (in particular, for
the high jet inlet angles) and are related to the mesh cutoff frequency
and to the numerical artifact generated by rapid unstructured grid
transitions. For instance, the spectrum at 150 deg in Fig. A1c features
a clear spurious hump at St  10 for the refined mesh (dashed line),
which appears at half of that frequency when the grid is coarsened by
a factor 2 (i.e., hump at St  5 for solid line). As previously
mentioned, the grid adaptation tool used in these early studies was
found to generated sharp changes in length scale at the transition
between refinement windows, which in turn affected the acoustics.
Here, it is important to note that the resulting spurious noise is outside
of the main frequency range of interest and with levels 25 to 30 dB
lower that the peak radiated noise, such that it does not significantly
impact the predictive capabilities. Nevertheless, an improved grid
adaptation tool has been used in the more recent studies [26,53] and
additional work is currently ongoing to further mitigate these grid
artifacts.

For the prediction of jet noise, the acoustic analogy module was
developed in Cascade’s massively parallel unstructured LES
framework based on the early work of Ffowcs Williams and
Hawkings [34] and its extension by Lockard [36,37]. For the specific
case of a stationary source in a medium moving at constant subsonic
speed of U  U1 ; U2 ; U3 , the convective form of the Ffowcs
Williams–Hawkings equation for a permeable surface S is given by
∂2
∂2
∂2
∂2
− c2∞
 2Uj
 U i Uj
2
∂xj ∂xj
∂t∂xj
∂xi ∂xj
∂t



ρ − ρ∞ HS

∂
∂
∂2
Fi δS 
T HS
Qn δS −
∂xi ∂xj ij
∂t
∂xi

a) Mean velocity

h
i
Fi  Pij  ρui − Ui uj  Uj   ρ∞ Ui Uj  n^ j

(B2)

(B3)

The bold font denotes vector quantities, and the summation
convention is used for repeated vector component indices i and j. The
subscript ∞ indicates an ambient quantity, and c∞ is the speed of
^ and ui are the
sound. The unit outward normal to the surface is n,
local fluid velocities on S. The Heaviside function HS and the Dirac
delta function δS are present to account for the discontinuity of the
functions at the surface interface.
In Eqs. (B1) and (B3), the Lighthill stress tensor and the
compressive stress tensor are defined as T ij  ρui uj  Pij −
c2∞ ρ − ρ∞ δij and Pij  p − p∞ δij − σ ij , respectively, where σ ij
is the viscous stress tensor and δij is the Kronecker delta. (Although
Pij  pδij − σ ij is the compressive stress tensor as defined by
Lighthill [91], Ffowcs Williams and Hawkings [34] reinterpreted the
symbol as the difference of the tensor from its mean value p∞ δij .
Brentner and Farassat [35] uses the notation ΔPij to avoid
confusion.) In general, the viscous term in Pij is a negligible source of
sound and is typically neglected, i.e., Pij  p − p∞ δij .
Note that the specific form of the convective wave operator on the
left-hand side of Eq. (B1) takes into account the presence of the mean
flow. The terms Qn and Fi also include mean velocity terms, although
the Lighthill stress tensor T ij is unchanged. When U  0; 0; 0, the
equations simplify to the classical FW-H formulation and source term
definitions.
Equation (B1) is in a form suitable to perform Fourier analysis, and
it becomes




 2 0
∂2
∂2
∂2
 k2 − 2iMj k
− Mi Mj
c∞ ρ~ HS
∂xj ∂xj
∂xj
∂xi ∂xj
∂ ~
∂2
 −iwQ~ n δS 
Fi δS −
T~ HS
∂xi
∂xi ∂xj ij

(B4)

after application of the Fourier transform pair defined as

Appendix B: FW-H Formulation



Qn  Qi n^ i  ρui  Ui  − ρ∞ Ui n^ i

(B1)

Z
~
gω

gt 

∞
−∞

1
2π

Z

gt exp−iωt dt;
∞

−∞

~
gω
expiωt dω

(B5)

where ω  2πf is the angular frequency, k  ω∕c∞ is the wave
number, and Mi  Ui ∕c∞ .
Without loss of generality, it can be assumed that the mean flow
velocity is in the x1 direction, i.e., U  U∞ ; 0; 0 (otherwise, the
reference frame can be rotated to satisfy this condition). For subsonic
wind-tunnel Mach numbers of M∞  U∞ ∕c∞ < 1, the threedimensional free-space Green’s function for Eq. (B4) is

b) Velocity rms
c ) Spectra at 150°
Fig. A1 Grid resolution study for the hot over-expanded jet.
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Gx; y 

−1
exp−ikR
4πR

(B6)

where the distance R is defined as
R

−M∞ x1 − y1   R
β2

(B7)

with
R 

q
x1 − y1 2  β2 x2 − y2 2  x3 − y3 2 

(B8)
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and
β

q
1 − M2∞

(B9)

Much like in the time-domain formulation with convective effects
[92–94], R represents the effective acoustic distance (rather than the
geometric distance) between the source y and the observer x in terms
of time delay between emission and reception, in the presence of
coflow. The solution of Eq. (B4) can be further simplified [36] by
moving the Green’s function inside the spatial derivative operator,
applying Green’s theorem, and using the properties of the Dirac delta
function. Also, outside of the source region, density perturbations are
expected to be small, so the term c2∞ ρ~ 0 is replaced by the acoustic
pressure p~ 0 .
Therefore, for jet noise predictions in uniform subsonic coflow, the
complex acoustic pressure p~ 0 at an observer x outside of S is given as
a function of frequency by the following integral solution (although
equation 20 in [36] is correct, there is a typographical error in
equation 17 of [37]; the term ∂Gy; ξ∕∂yi should be replaced by
∂Gy; ξ∕∂ξi ):
p~ 0 x; ω  −
Z
−

Z

∂Gx; y
dS −
F~ i y; ω
∂yi
S

Z
iωQ~ n y; ωGx; y dS
S

∂2 Gx; y
dV
T~ ij y; ω
∂yi ∂yj
V

(B10)

Due to challenges associated with the computation of the volumedistributed sources, the surface S is often chosen such that it encloses
flow-generating sound sources and the volume term can be assumed
small and neglected. In the current far-field noise solver, the third
integral in Eq. (B10) is not computed.
The time histories of the terms Fi and Qn are then computed, and a
Hanning window is applied after their mean values are removed. Note
that windowing of the time data should be used to avoid spectral
leakage; otherwise, spurious noise contaminates the low frequencies:
in particular, at the quieter angles ϕ < 120 deg. The resulting
quantities are then Fourier transformed. Because the terms Fi and Qn
are not functions of the observer location x, the Fourier transforms
only need to be computed once at every element (i.e., face) of the
surface S. The surface integrations in Eq. (B10) are then performed
for each observer and each frequency of interest. Note that the
analytical expressions for the spatial derivatives of the Green’s
function Gx; y can be derived and used instead of numerical
differentiation.
Finally, the narrowband (one-sided) power spectral density level in
decibels per Strouhal number is calculated as

PSDx; St  10log10

2p~ 0 x; Stp~ 0† x; St
p2ref Stmin


(B11)

and the overall sound pressure level in decibels is computed as
OASPLx  10log10

St
max
X
Stmin

2p~ 0 x; Stp~ 0† x; St
p2ref


(B12)

where the superscript † denotes the complex conjugate, and pref is the
reference pressure. Recall that Stmax and Stmin are the maximum and
minimum frequencies (i.e., the narrowband width) accessible by this
postprocessing, respectively (see Sec. III.D).
Although acoustic analogy calculations are typically very efficient
compare to the computational fluid dynamics near-field simulations,
the computational cost may become significant for predictions
involving a large number of time samples, surface elements, and/or
observers. In particular, for jet noise, a long time record is usually
needed to ensure statistical convergence of the low frequencies,
leading to large LES databases. In addition, directivity mapping in
three dimensions can require several thousand observers. Special
care is therefore needed in terms of memory management, efficiency,
and performance. Fortunately, the method is well suited for
parallelization because the calculations for each surface element,
each frequency, and each observer are independent. The current MPI
implementation is done in the same massively parallel infrastructure
than the flow solver Charles. It uses a standard load-balancing
approach on the FW-H surface elements: each processor computes
the noise contribution of only a portion of the surface, for all the
observers and frequencies; the individual contributions are then
recombined linearly as final output.
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